Abstract. We define exact sequences in the enchilada category of C * -algebras and correspondences, and prove that the reducedcrossed-product functor is not exact for the enchilada categories. Our motivation was to determine whether we can have a better understanding of the Baum-Connes conjecture by using enchilada categories. Along the way we prove numerous results showing that the enchilada category is rather strange.
Introduction
The Baum-Connes conjecture says (very roughly) that, given an action of a locally compact group on a C * -algebra, the topological Ktheory is naturally isomorphic to the K-theory of the reduced crossed product. Unfortunately, the conjecture is false in that form, essentially because the topological K-theory is an exact functor of actions, while the reduced crossed product is not. Some effort has been expended to "fix" the Baum-Connes conjecture (see, e.g., [2, 5, 3, 4, 9, 10, 11] ). In this paper we investigate another possible strategy of fixing the conjecture: change the categories. All the work to date on the B-C conjecture has used categories of C * -algebras, possibly with extra structure, where the morphisms are *-homomorphisms that preserve the structure. Here we change the morphisms to be isomorphism classes of C * -correspondences -we call these "enchilada categories". More precisely, we investigate the following question: is the reduced crossed product functor exact between enchilada categories? In order to study this question rigorously, we first need to know: what are the exact sequences are in the enchilada category of C * -algebras? In this paper we give one answer to this latter question. We then apply this to answer the exactness question; unfortunately, the answer is no, the reduced crossed product is not exact for the enchilada categories.
Despite this failure of exactness, we believe that our investigation into exact sequences in the enchilada category will be useful. It turns out that the enchilada category is quite strange, in the sense that the morphisms are not mappings; additionally, the category is not abelian, or even additive, so the standard techniques of homological algebra are largely unavailable. As an illustration of our ignorance concerning the enchilada cateogory, we have been unable to completely characterize either the monomorphisms or the epimorphisms.
This contributed to our most formidable hurdle: how to define the image of a morphism. Since a morphism in the enchilada category is (the isomorphism class of) a C * -correspondence, it is fairly easy to guess that the image should involve the range of the inner product, and it is then a short step to imagine that the range of the correspondence should in fact be the closed span of the inner products. But how to put this on a rigorous footing? In abstract category theory, a common way to define image uses subobjects, which in turn use monomorphisms; this gave us trouble due to our inability to characterize monomorphisms. In some category-theory literature, the definition of subobject is modified by restricting the class of monomorphisms. We first tried the strong monomorphisms of [1] . This in turn lead to another stumbling block: our limited understanding of epimorphisms in the enchilada category eventually defeated us because the definition of strong monomorphism uses epimorphisms. We then tried using split monomorphisms in the definition of image. This turned out to work very well, but it was dissatisfying since it seemed to depend upon the more-or-less arbitrary choice of split monomorphisms. Fortunately, we found in [13] a definition of image based upon kernels and cokernels. Since we were able to prove that the enchilada category has kernels and cokernels, and even more importantly that in the enchilada category every kernel is a split monomorphism (see Proposition 3.6 and Corollary 3.10), we were happy to adopt Schubert's definition.
We begin in Section 2 with a brief review of the basic notions from category theory that we will need. Then in Section 3 we investigate these notions for the enchilada category, where our main objective is to define kernel and image. Once this is done, we characterize short exact sequences in the enchilada category (see Theorem 3.15). It is then easy to explain why the reduced crossed product functor is not exact for the enchilada categories (see Remark 3.16). Finally, in Section 4 we exhibit a few other ways in which the enchilada category is strange -it is not abelian, or even additive.
Preliminaries
This paper is written primarily for C * -algebraists. We use a nontrivial portion of the concepts of category theory, so for the convenience of the reader we recall the definitions and basic results here. All abstract discussions of morphisms and objects will be tacitly in some category C.
Definition 2.2. An object A is initial if for every object B there is exactly one morphism A → B. Dually, A is final if for every object B there is exactly one morphism B → A. Definition 2.3. A zero is an object that is both initial and terminal. If it exists, a zero is unique up to isomorphism, and is denoted by 0. For any two objects A, B the zero morphism 0 A,B : A → B is the unique morphism from A to B that factors through 0. Frequently we just write 0 for 0 A,B .
The situation is illustrated by the following commutative diagram:
Remark 2.5. As usual with universal properties, an equalizer, if it exists, is unique up to (unique) isomorphism. In this case this means not only that for any other equalizer k :
A commute is an isomorphism, but that conversely for any isomorphism u : L → C the morphism h • u is an equalizer of f, g. We will omit explicitly making similar remarks regarding other categorical gadgets. Definition 2.6. Coequalizer is the dual of equalizer, i.e., a coequalizer of f, g : A → B is a morphism h : B → C such that
This is illustrated by the commutative diagram
Remark 2.7. If f, g : A → B and q : B → E is a monomorphism, then f, g and q • f, q • g have the same equalizers. Dually, if q : E → A is an epimorphism, then f, g and f • q, g • q have the same coequalizers.
Definition 2.8. Let C be a category with zero object 0, and let f : A → B. A kernel of f is an equalizer of the pair f, 0 A,B , equivalently a morphism h :
Definition 2.9. Cokernel is the dual of kernel, i.e., a cokernel of f : A → B is a coequalizer of f, 0, equivalently a morphism h : B → C such that
Remark 2.10. Every equalizer, and hence every kernel, is a monomorphism, and by duality every coequalizer, and hence every cokernel, is an epimorphism. If f : A → B and q : B → E is a monomorphism, then f and q • f have the same kernels. Dually, if q : E → A is an epimorphism, then f and f • q have the same cokernels. In the category-theory literature, one can find various definitions of image and coimage. A common definition of the image of a morphism uses subobjects, and we summarize this approach: if f : B → A and g : C → A are two monomorphisms with common codomain A, write f ≤ g to mean that f = g • h for some h. When both f ≤ g and g ≤ f write f ∼ g. This defines an equivalence relation among the monomorphisms with codomain A, and an equivalence class of these monomorphisms is called a subobject of A. The class (which could be proper) of all subobjects of A is partially ordered by the binary relation "≤".
In practice, any monomorphism f : B → A is referred to as a subobject, with the understanding that it is really just a representative of an equivalence class that is the actual subobject.
In some contexts the monomorphisms in the definition of subobject are required to satisfy some other conditions. For example, one could restrict to strong monomorphisms (see Remark 4.7 for the definition).
In [12, Section I.10] (for example) we find the following definition: the image of a morphism f : A → B is the "smallest" subobject of B through which f factors. In many categories this is a very useful definition since it is not hard to determine what the subobjects are. For instance, in the category of sets subobjects are subsets, in the category of groups subobjects are subgroups, etc. However, as mentioned in the introduction, since we do not know what the monomorphismsor the strong monomorphisms, for that matter -are in the enchilada category we were unable to determine what subobjects are. Therefore, we were unable to use this image definition. So, we use the following instead, which we took from [13, Definition 12.3.7] . Definition 2.13. In a category with kernels and cokernels, an image of a morphism f is a kernel of any cokernel of f , and dually a coimage of f is a cokernel of any kernel of f .
We should note that in a category where subobjects can be fully identified, Definition 2.13 is not always true unless (for example) the category is abelian. For instance, in the category of groups the above definition is applicable if and only if the image is a normal subgroup of the codomain. Further discussion about this can be found in Remark 3.13.
The enchilada category
As we mentioned in the introduction, in the enchilada category our objects are C * -algebras, and the morphisms from A to B are the isomorphism classes of nondegenerate A−B correspondences. By an A−B correspondence X we mean a Hilbert B-module X with a homomorphism A → L (X), and we say the correspondence is nondegenerate if AX = X. All our correspondences will be nondegenerate by standing hypothesis. That is, from now on when we use the term correspondence we will tacitly assume the nondegeneracy condition. We write " A X B is a correspondence" to mean that X is an A − B correspondence, and we write [X] = [ A X B ] for the associated morphism in the enchilada category. Actually, we will frequently drop the square brackets [·] , since it will clean up the notation and no confusion will arise.
In this section, we show the existence of the necessary ingredients, such as kernel and image, to construct an exact sequence in the enchilada category. As we mentioned in the introduction, we must be careful in defining the image of a morphism.
We write
for the associated homomorphism giving the left A-module structure (or φ A,X if A is ambiguous), and • B X = X, X B for the ideal of B given by the closed span of the image of the inner product. We also write A A A for the correspondence over A given by the algebraic structure on A (in particular, a, b A = a * b), and then A A A is the identity morphism of A in the enchilada category.
It is obvious that in the enchilada category a 0 object is any 0-dimensional C * -algebra, the 0 morphism from A to B is the 0 corre- Proof. Assume that X⊗ B Y = 0. Let x 1 , x 2 ∈ X and y 1 , y 2 ∈ Y . Then we have,
This implies that x 1 , x 2 B y = 0 for all y ∈ Y , i.e., x 1 , x 2 B ∈ Ker φ Y . Since any element of B X is a limit of linear combinations of elements x 1 , x 2 B where x i ∈ X, we conclude that B X ⊂ Ker φ Y . Now assume that B X ⊂ Ker φ Y . Of course, since X ⊗ B Y is the closed span of elementary tensors, in order to show X ⊗ B Y = 0 it suffices to show that x ⊗ y = 0 for any x ∈ X and y ∈ Y : by the Cohen-Hewitt factorization theorem we can write x as x 1 b for some x 1 ∈ X and b ∈ B X , and then we have
Lemma 3.2. Let A X B be a correspondence and C be a C * -subalgebra of B containing B X . Then X becomes an A − C correspondence A X C by restricting the right-module structure to C, and the map
Note that CB is a C * -subalgebra (and a right ideal) of B, by the Cohen-Hewitt factorization theorem.
Proof. X already has a right B-module structure. Restricting this to C, we get a right C-module structure. Now, we need an inner product into C, which we get directly since B X ⊂ C. Then the standard computation
implies the assertion regarding the isomorphism.
In Lemma 3.2, C will usually be an ideal of B, and then A X C ⊗ C C C B ∼ = A X B . A frequently used special case is when C = B, and then the main content is the isomorphism X ⊗ B B ∼ = X. Lemma 3.3. Let X be a Hilbert B-module, and let π : A → M(C) be a nondegenerate homomorphism.
(1) Let A X B be a correspondence, and suppose that Ker π ⊂ Ker φ A,X . Let φ C,X be the unique homomorphism making the diagram
commute, and let C X B be the associated correspondence. Then the map c ⊗ x → φ C,X (c)x for c ∈ C, x ∈ X extends uniquely to an isomorphism Proof. (1) is folklore. For (2), first note that one direction follows quickly from part (1):
is also an isomorphism. For c ∈ C we can choose a ∈ A such that π(a) = c, and then
so that U also preserves the left C-module structures.
Frequently-used special cases of Lemma 3.3, for a given A − B correspondence X, are the isomorphisms Proof. Assume that φ X is not injective. Then, K = Ker φ X is a nonzero ideal of A. Consider the correspondence K K A . Since K, K K = K, by Proposition 3.1 we have
We suspect that the converse of Proposition 3.5 is true, but have unable to prove it. In any case, it seems that the property of being a monomorphism in the enchilada category is very weak. Proof. First assume that X is a split monomorphism. Let B Y A be a correspondence, and assume that we have an isomorphism
is an isomorphism, and define a homomorphism
. Then (the canonical extension to multipliers of) π • id A is the identity on M(A). Also, a routine argument using an approximate identity of A shows that π(K(X)) ⊂ A. Thus (now deviating from Schweizer's proof) X gets an A-valued inner product:
A x, y = π(θ x,y ), and so X is actually an A − B Hilbert bimodule. We have B − A correspondence isomorphisms
while on the other hand
Conversely, assume that X is a left-full Hilbert bimodule. Then we have a B − A Hilbert bimodule X, and
(by Lemma 3.8 again)
Proof. This is folklore. 
Proof. Just note that the balancing relations determined by ⊗ B and ⊗ B X coincide: for every x ∈ X, b ∈ B, and y ∈ Y we can choose x ′ ∈ X, b ′ ∈ B X such that x = x ′ b ′ , and then the following computation in X ⊗ B X Y suffices:
Theorem 3.9. Let X be an A − B correspondence and let K be the kernel of the associated homomorphism φ X : A → L B (X). Then the correspondence K K A is a kernel of X.
Now suppose that C Y A is a correspondence such that Y ⊗ A X = 0. Then by Lemma 3.1 we have
so by Lemma 3.2 we get a correspondence C Y K such that , and
Moreover, C Y K is unique up to isomorphism because K K A is a leftfull Hilbert bimodule, and hence is a split monomorphism by Proposition 3.6, so in particular is a monomorphism. 
Conversely, assume that X is a left-full Hilbert bimodule. By Lemma 3.2 we can regard X as an imprimitivity bimodule A X B X , and
By Theorem 3.9, B X (B X ) B is a kernel of B (B/B X ) B/B X , and hence so is A X B because A X B X is an imprimitivity bimodule. Proof. By Proposition 3.11 B (B/B X ) B/B X is a cokernel of X, and by Theorem 3.9 B X (B X ) B is a kernel of B (B/B X ) B/B X . Thus B X (B X ) B is a cokernel of a kernel of X, and so is an image of X by definition.
Remark 3.13. We see that Definition 2.13 was an apt choice for images in the enchilada category. An image of a morphism has to be a monomorphism and we know that B X (B X ) B is a monomorphism (even a split monomorphism since it is a kernel). In addition, even though we don't know what sub-objects are in our category, we do know that in the world of C*-algebras we want our "sub-things" to be closed. And, for A X B , there does not seem to be any "sub-thing" of B other than span X, X B . Remark 3.16. As we mentioned in the introduction, our primary motivation for investigating exact sequences in the enchilada category was
Further properties of the enchilada category
In Corollary 3.10 we characterized kernels in the enchilada category as the left-full Hilbert bimodules. In view of other results that come in dual pairs, it is tempting to suspect that cokernels are precisely the right-full Hilbert bimodules. On the other hand, the enchilada category is decidedly left-challenged, so it is not surprising that it could have direction-related properties that are not satisfied when the directions are reversed. Indeed: Proposition 4.1. In the enchilada category, a cokernel need not be a right-full Hilbert bimodule, and conversely a right-full Hilbert bimodule need not be a cokernel.
Proof. First, it follows from Proposition 3.11 that a quotient map B → B/J is a cokernel in the enchilada category. However, it need not be a Hilbert bimodule, since the quotient B/J need not be isomorphic to an ideal of B.
Conversely, let A be a C * -algebra with an ideal I that is both proper and essential. Then A I I is a right-full Hilbert bimodule, and we will show that it is not a cokernel. Arguing by contradiction, suppose A I I is a cokernel of B X A . Then X ⊗ A I = 0, so A X ⊂ Ker φ I = 0, and hence X = 0. Now, 0 : A → 0 is also a cokernel of 0 : B → A, so I and 0 are isomorphic in the enchilada category, and hence are Morita equivalent. Therefore I = 0, which contradicts it being a proper essential ideal. Proposition 4.2. If a correspondence A X B is an epimorphism in the enchilada category, then X is full, i.e., B X = B.
Proof. Suppose that B X = B. Then
Proposition 4.2 can be alternatively restated as follows: A X B if is an epimorphism then its image is the identity morphism B B B . In many categories, there is a converse: a morphism f : A → B whose image is the identity morphism 1 B must be an epimorphism -informally, surjections are epimorphisms. But not in the enchilada category: Proposition 4.3. The enchilada category has a morphism X : A → B that is not an epimorphism but whose image is B B B .
Proof. We must find correspondences A X B , B Y C , and B Z C such that
We let X be the C−C 2 corresondence associated to the homomorphism a → (a, a) , and for Y and Z we take the C 2 − C correspondences associated to the homomorphisms (a, b) → a and (a, b) → b, respectively.
It follows from Lemma 3.3 that
On the other hand, the C 2 − C correspondences Y and Z are not isomorphic, since by [6 Proof. By Proposition 4.3, we can choose a correspondence A X B such that B X = B but X is not an epimorphism in the enchilada category. Since B X = B, the image of X is the correspondence B B B . Thus X factors through its image as follows:
Therefore, by [12, Proposition I.10.1], if the enchilada category had equalizers then X would have to be an epimorphism.
Despite having both kernels and cokernels, the enchilada category is not abelian. In fact:
Corollary 4.5. The enchilada category is not additive.
Proof. Every additive category with kernels has equalizers. Conversely, if X is a right-full Hilbert bimodule, then, similarly to the proof of Proposition 3.6, X is a right inverse of X, so X is a split epimorphism.
Remark 4.7. In [1] , Arduini proposed a strengthening of the concepts of monomorphism and epimorphism, with an eye toward improving the concept of subobject. Here we only give his definition of monomoprhism, which nowadays is called strong monomorphism: it is a morphism f : A → B such that for every commutative diagram
where g is an epimorphism, there is a unique morphism ℓ making the diagram
commute. Every split monomorphism is a strong monomorphism, and every strong monomorphism is a monomorphism. Thus, the uniqueness of ℓ is automatic. Moreover, since g is an epimorphism, it is enough to know that the upper triangle commutes. As we mentioned in the introduction, for a time we thought we would be able to use Arduini's strong monomorphisms to define the image of a morphism in the enchilada category. But we had to abandon this approach, since we have an inadequate understanding of epimorphisms in the enchilada category.
